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Introduction 

The modularity conjecture for Calabi-Yau manifolds predicts that 
every Calabi-Yau manifold should be modular in the sense that its L- 
series coincides with the L-series of some automorphic form(s). The 
case of rigid Calabi-Yau threefolds was (almost) solved by Dieulefait 
and Manoharmayum in [3 E] • On the other hand in the non-rigid case 
it is even not clear which automorphic forms should appear. 

Examples of non-rigid modular Calabi-Yau threefolds were con- 
structed by Livne and Yui ( JlJ, Hulek and Verrill (OIIDI) and Schiitt 
(|17j). In these examples modularity means a decomposition of the as- 
sociated Galois representation into two- and four-dimensional subrep- 
resentations with L-series equal to L((74, s), L((72, s — 1) or L{g2<S)g3, s), 
where Qk is a weight k cusp form. The summand with L-series equal 
to L{g2 ® 93, s) is explained by a double cover of a product of a K3 
surface and an elliptic curve (see [TT]). 

The L-series L{g2, s — 1) is the L-series of the product of the pro- 
jective line and an elliptic curve E with L{E,s) = L{g2,s). A 
two-dimensional subrepresentation with such an L-series may be iden- 
tified by a map x — > X which induces a non-zero map on the 
third cohomology (see ||9j). Using an interpretation in terms of defor- 
mation theory we conjecture that a splitting of the Galois action into 
two-dimensional pieces can happen only for isolated elements of any 
family of Calabi-Yau threefolds. 

In this paper we will study modularity of some non-rigid double octic 
Calabi-Yau threefolds, we will prove modularity of all examples listed 
in tabled except X154. We will use four methods for proving modular- 
ity, apart from the methods of Livne- Yui and Hulek- Verrill we will use 
two others based on giving a correspondence with a rigid Calabi-Yau 
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threefold or on an involution. We also observe that the splitting of 
the Galois action into two-dimensional pieces holds for those Calabi- 
Yau threefolds in the studied families having some additional geometric 
poperties. The Calabi-Yau threefold X154 is also the only one which 
we were not able to represent as a Kummer fibration associated to a 
fiber product of elliptic fibrations (cf. [IS]). 



1. Modular double octics with h^^ = 1 

Let D be an arrangement of 8 planes in P^. If no six of the planes 
intersect in a point and no four in a line then the double covering of 
branched along D admits a resolution of singularities X which is a 
smooth Calabi-Yau threefold (see [2^). The resolution of singularities 
is performed by blowing up singularities of the branch locus in the 
following order: fivefold points, fourfold points that do not lie on a 
triple line, triple lines, double lines. The Euler number of the resulting 
Calabi-Yau threefold can easily be expressed in numbers of different 
types of singularities. The Hodge number h^''^{X) (the dimension of 
the deformation space) can be computed as the dimension of the space 
of equisingular deformations of D in P^; it can also be computed as the 
dimension of the equisingular ideal of D (see jS]). 

An extensive computer search in jl2j produced 18 double octic Calabi- 
Yau threefolds with /i^^ = 1 (in 11 one-parameter families) for which 

tT{FToh;\Hl{X)) = aj, + p-b„ 

for all primes 5 < p < 97, where ap (resp. bp) are the coefficients of a 
weight four (resp. two) cusp form. This is a strong numerical evidence 
for modularity in the sense of splitting into two two-dimensional sub- 
representations. We list all these examples in table ^ We include the 
no. of the arrangement (as in ^2)); the equation, the expected modular 
form of level 4 and 2 (using W. Stein's notation from [18j) and the Pi- 
card number h^^. Since the Calabi-Yau threefolds in the table coming 
from arrangements with the same no. are birational (see Lemma l3.1|) 
we will use in this paper the notation Xn for any Calabi-Yau threefold 
in the table constructed from arrangement no. n. 

The Picard groups of all listed Calabi-Yau threefolds are generated 
by divisors defined over Q, so Frobenius acts on H?^ by multiplication 
with p. In fact, in all the examples except X244, the skew-symmetric 
part of the Picard group is zero, whereas for X244 it is generated by a 
divisor coming from the contact plane x + y — z + t = 0. 
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Table 1. 
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2. Double quartic elliptic fibrations 

In this section we will shortly review some information about ratio- 
nal elliptic fibrations that can be realized as a resolution of a double 
covering of branched along a sum of four lines. The structure of the 
elliptic fibration is determined by the choice of a point in P^. Some of 
these surfaces where described in jl]; we will omit here all the details 
explained in that paper. 

The double covering is rational exactly when the lines do not inter- 
sect in one point. We can have the following combinations of singular 
fibers (the Picard number p^Sm) of a generic fiber can be computed 
from the Zariski lemma): 
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A double covering of Si branched along the two singular fibers is 
birational to a product of P^ and an elliptic curve E, and all smooth 
fibers are isomorphic to E. This elliptic fibration depends on the j- 
invariant of E. 

The surfaces S2 and S3 are extremal, i.e. they have p{Sw) = 1. 
Consequently they are uniquely defined as fiber spaces. Moreover the 
parameters corresponding to the singular fibers of 5*3 form a harmonic 
quadruple (i.e. their cross-ratio equals —1); they can be chosen as 

-1 1 00 

Denote by 5*3 the pullback of S3 via the involution t 1— > of P\ so 
5*3 has the following singular fibers: 

-1 1 00 
I4 I2 I 4 I2 

Thus 5*3 and S'^ have singular fibers at the same points but of differ- 
ent types. There exists an isogeny : S3 S'^ which is a degree 2 
unbranched covering on a smooth fiber. 

Fibration S4 is not extremal, so we can chose arbitrary coordinates of 
singular fibers. The configuration of lines is not uniquely determined 
by the coordinates of singular fibers. In fact there are exactly two 
types: one with a triple point and one with a "vertical line" . 
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The Picard number of the generic fiber of Fibration 5*5 equals two, 
so we can not choose arbitrary coordinates of singular fibers. In fact 
there is an involution of which preserves the fiber J4 and exchanges 
two pairs of /2's. The configuration of lines is uniquely determined. 

Fibration 5*6 is the most complicated one. In this case the configura- 
tion of lines is not uniquely determined. There can be several choices 
coming from automorphisms of preserving the singular fibers. 



3. KUMMER FIBRATIONS 

All examples in table ^ except X154 can be realized as a Kummer 
fibration associated to a fiber product of elliptic fibrations (cf. [T3j). 
Contrary to Schoen we do not require that the involution on the fiber 
product lifts to a resolution, so the resulting Calabi-Yau threefold is 
not necessarily a blow-up of the Kummer fibration. 

To see the fibration we reorder the planes such that the first four and 
the last four intersect in a point. Then after change of coordinates in 
we may assume that these points of intersection are (0, 0, 0, 1) and 
(1,0,0,0), or equivalently that the double octic is given in weighted 
projective space P(l, 1, 1, 1, 4) by the equation 

w"^ = fi{x,y,z) ■ /4(x, y, z)f5{y, z,t) ■ . . . ■ fs{y, z, t). 

Consequently the double octic is birational to the quotient of the fiber 
product of elliptic fibrations 

«^ = fiix,y,z) ■ . . . ■ fi{x,y,z) 

and 

= f5{y,z,t) ■ . . . ■ fs{y,z,t) 

by the involution 

(x, y, z, t, u, v) ^ {x, y, z, t, -u, -v). 

In the following table we list descriptions of Calabi-Yau threefolds 
from table Has Kummer fibrations. For each Kummer fibration we give 
coordinates and types of singular fibers. In some cases we were able to 
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find two different representations as a Kummer fibration. 
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Lemma 3.1. The Calabi-Yau threefolds in tabled defined by arrange- 
ments of the same type are birational. The Calabi-Yau threefolds X21 
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and X53 are hirational; and the Calabi-Yau threefolds X2Q7 and X275 
are hirational. There exists a correspondence between the Calahi Yau- 
threefolds Xg, and X249 . 

Proof. Prom the explicit description of the fiber products in local co- 
ordinates it easily follows that the Calabi-Yau threefolds defined by 
arrangements of the same type with different parameters are in fact 
projectively equivalent. 

Arrangement no. 21 is projectively equivalent to 

x{x — z){x + z){x + y)y{t + z){t — z)(t + y) = 0. 

Substituting the hirational involution of given by 

{x,y,z,t) ^ {yz,xz,xy,tx) 

we obtain 

{xzy'^Yx{x — z){x + z){x + y)z(t + y){t — y)(t + z) = 0, 

and since arrangement no. 53 is projectively equivalent to 

x{x - z){x + z){x + y)z{t + y){t- y){t + z) ^ 0, 

we conclude that the resulting Calabi-Yau threefolds are hirational. 

To prove that X2Q7 and X275 are hirational, observe that the corre- 
sponding arrangements are projectively equivalent to 

Arr. no. 267: x{x — z){2x — 2z + y){2x — z — y) x 

xt{t + z - y){2y - z - 2t){2z -y + 2t) = 

Arr. no. 275: x{x - z){2x - 2z + y){2x - z - y) x 
xt{2t - y){2t - z){3t - y - z) = 0. 

Simple computations show that the cross ratios of the quadruples 

0, y-i, y-\, \y-z 

0, \y, \z, iy + \z 

are equal so there is a hirational transformation in 7/, t that maps one 
of them to the other. 

To see the correspondence between the Calabi-Yau threefolds X^ 
and X249, first pull back arrangement no. 8 by the map t 1— > (fz^)^' 
obtaining 

-1 ^ 1 3 00 

-^0 I2 I2 I A I2 I2 

I4 I2 Iq I4 Iq I2 
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Now it is enough to compose this map with the isogeny of the elhptic 
fibration with fibers J4, 14, 12, h that exchanges I2 fibers with I4 fibers 



Remark 3.2. Arrangements no. 267 and 275 are not projectively equiv- 
alent, they come from different twisted self-fiber products of the same 
elliptic fibration. The self-fiber product (without twist) of this elliptic 
fibration gives a non-birational Calabi-Yau threefold with h^'^ = 2 (see 
example P) . 



In this section we will use elliptic ruled surfaces to prove modularity 
of four Calabi-Yau threefolds from tabled 

Proposition 4.1. The Calabi-Yau threefolds X4, Xg, X244 and X249 
are modular, with modular forms as listed in table Ql 

Consider a Calabi-Yau threefold X such that an L-series of the form 
L{g2, s — 1) (where g2 is a weight two modular form corresponding to an 
elliptic curve E) appears in the Galois representation. Then by the Tate 
Conjecture we can expect that there is a correspondence between X and 
the product E xF^ which induces the isomorphism of representations. 

Hulek and Verrill proved in [5] that when a smooth ruled surface 
over an elliptic curve 5* — > E is contained in a Calabi-Yau threefold 
X then the map on third cohomology H^{X) — > H^{S) is surjective. 
The map can be represented by a direct sum of H^{Tx) — > H^{Ns\x) 
and its complex conjugate. The map H^{Tx) — ^ H^{N's\x) associates 
to a deformation of X the obstruction to lift it to a deformation of E 
(inside X). Therefore if this map is non-zero then E deforms inside X 
only over a codimension one submanifold of the Kuranishi space of X. 

Now, if we have ruled surfaces -Ei, . . . ,-Er-, with r = h'^^{X)^ such 
that the map 



is surjective then the obstructions are independent and the surfaces do 
not deform simultaneously over any subvariety of the Kuranishi space 
of X of positive dimension. It is an explanation why in a family there 
were always only finitely many examples were one was able to prove 
modularity in that way. 

If we have several ruled surface over elliptic curves, it is usually dif- 
ficult to determine whether the map is surjective. In case we know 
the Kuranishi space of X we can try to invert the above argument. For 



(see i). 



□ 



4. Ruled surface over elliptic curves 



(1) 



h%x)^^h%e;) 
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each elliptic fibration we consider the hypersurface Vi of the Kuranishi 
space over which Ei deforms, knowing that the kernel of ([Q) is the 
tangent to the intersection of the VJ's plus its complex conjugate (see 
example at the end of this section). 

To use this method in our examples we need to find elliptic fibrations 
inside the double octics. If a plane S in P'^ contains two double lines 
and the other four arrangement planes intersect at a point in S, then 
the pullback of S to the double covering is an elliptic fibration. On the 
Kummer fibration these planes are recognized as corresponding to the 
product of fibers Iq and 14. 

We were able to find such a plane only for two arrangements: 
Arrangement no. 4: the plane 5* has equation x — z = resp. 
y + 2z — t = resp. 2x -\-y — 2t = (for the three arrangements in the 
table). 

Arrangement no. 244: the plane S has equation x + y + z — t = 0. 

To prove modularity of and X249 we will study an auxiliary 
Calabi-Yau threefold X269 with h^'^ = 2. Modularity of this Calabi- 
Yau threefold follows from existence of some elliptic ruled surfaces and 
their behavior under deformations. 

Example 1. Consider the double octic Calabi-Yau threefold X269 de- 
fined by the following arrangement of eight planes (arrangement no. 
269 in [Hj): 

xyzt{x + y + z){x + 2y — z + t){y + z — t){x + y — 2z + t) = 

It has /i^'^(X269) = 2. Substituting y = y — z,z = z + twe can represent 
this Calabi-Yau threefold as the following Kummer fibration: 

-1 ^ 1 3 00 
I2 I2 I2 I2 1 2 I2 
I2 I2 I2 I2 I2 I2 

On the other hand substituting x = x + 2z — 4y, z = x — 2y we can 
also obtain the following Kummer fibration: 

-1 ^ 1 3 00 
Jo I2 I2 I 4 1 2 h 
I A I2 Iq I 4 Iq h 

Hence using the isogeny between 5*3 and 5*3 from sectionElwe can find 
correspondences between this Calabi-Yau threefold and the Calabi- 
Yau threefolds Xs and X249. 

Observe that the planes z = x + 2y and y = 2z — t contain two double 
lines and a fourfold point, so they give two ruled surfaces Ei,E2 over 
an elliptic curve with conductor 24. 
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The Kuranishi space of the Calabi-Yau threefold X269 may be para- 
metrized by the equation 

xyzt{x + y + z){Bx + Cy — Az + At) x 

X {y + z-t){Bx + By+ {-A + B-C)z + At) = 0. 

By both eUiptic fibrations give non-zero maps 

H^{X) H\Ei) 

so they deform over curves in P^. One easily checks that they deform 
over the lines given by 

A + 5 - C = 0, 
C = 2B, 

which intersect only at the point (1, 1, 2) corresponding to the equation 
we started with. Consequently the obstructions are independent and 
the map 

H'\X) H\E{) © H\E2) 
is surjective, giving a splitting of the representation on into two- 
dimensional pieces. Counting points over Fp for p < 97 one checks 
that X is modular and that the coefficients of the L-series are given 
by hp + 2pcp, where bp resp. Cp are the coefficients of the unique cusp 
form of level 24 and weight 4 resp. 2. 

There is a degree two correspondence between the above Calabi-Yau 
threefold and X249, hence also Xg. These correspondences prove the 
modularity of Xg and X249. 

5. Correspondences with rigid double octics 

In this section we will use correspondences between rigid and non- 
rigid Calabi-Yau threefolds to prove modularity of the latter. 

Proposition 5.1. The Calabi-Yau threefolds X4, X53 and X244 
are modular, with modular forms as listed in table 

In [3J we checked the modularity and computed modular forms of 
some rigid double octic Calabi-Yau threefolds. Now we will use cor- 
respondences between some rigid and non-rigid Calabi-Yau threefolds 
to show the modularity of the latter. 

We first recall the considered rigid examples. As before we will use 
the equations and numbers of arrangements from ||i2j (in brackets we 
give the numbers from 

Arrangement no. 3 (old no. 6) is given by the equation 

xyzt{x + y){y + z){z + t){t + x) = 0. 



MODULARITY OF NON-RIGID DOUBLE OCTIC CALABI-YAU 



11 



The corresponding fiber product of elliptic fibrations has singular fibers 

I 4: I A h h 
Dq I2 I2 Iq 

Arrangement no. 19 (old no. 23) is given by the equation 

xyzt{x + y){y + z){x — z — t){x + y + z — t) = 0. 

The corresponding fiber product of elliptic fibrations has singular fibers 

I2 h 1 4: I A 
Iq Dq I2 I2 

Arrangement no. 239 (old no. 86"') is given by the equation 

xyzt{x + y + z){x + y + t){x + z + t){y + z + t) =0. 

The corresponding fiber product of elliptic fibrations has singular fibers 

I2 I2 I A I A Iq 
Iq I 4 I2 I A h 

Lemma 5.2. There are correspondences between the Calahi-Yau three- 
folds given by the following arrangements: 

(1) No. 4 and no. 19, 

(2) No. 21 and no. 3, 

(3) No. 53 and no. 3, 

(4) No. 244 and no. 239. 

Proof. All the correspondences are in fact defined on the level of the 
fiber products of elliptic fibrations. They are given by applying the 
isogeny of the elliptic fibration with fibers I2, 12, Ia, Ia that exchanges 
the fibers I2 and I4. □ 

Assume that we have a generically finite correspondence between two 
Calabi-Yau threefolds X and Y. Then this correspondence induces an 
isomorphism between H^'^{X) and H^'^{Y) coming from a pullback of 
the canonical form. If Y is rigid then taking this isomorphism plus its 
complex conjugate we obtain a splitting of the Galois representation 
on H^{X) into a two-dimensional representation isomorphic to H^{Y) 
and its complement. Using the correspondences from the above lemma 
and counting points in ¥p for p < 97 we obtain proposition 15. II 

6. KUMMER CONSTRUCTION 

In this section we will use the Kummer construction studied by Livne 
and Yui (0). 

Proposition 6.1. The Calabi-Yau threefold X 13 is modular, with mod- 
ular forms as listed in table Q 
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We will consider a two-dimensional family of double octic Calabi- 
Yau threefolds which are the quotient by an involution of a product of 
a K3 surface studied in jT] and an elliptic curve. Take the elliptic curve 

Ef, = {{x,t,u) e P(l,l,2) : = {x -t){x'^ - fit^)t} 

and the K3 surface 

Sx = {{y, z, t, v) e P(l, 1, 1, 3) : = yzt{y + t)iz + t){y + A^;)}. 

On the product Yx,/x '■= x Sx we have a natural involution 

((x, t, u), {y, z, t, v)) I — > {{x, t, -u), {y, z, t, -v)). 

The quotient X^,^ of Yx^^ by this involution has a Calabi-Yau nonsin- 
gular model. To show this observe that Yx,Ai is birational to the double 
covering of branched along the octic Dx^^ given by the equation 

{x - t){x'^ - iit^)yz{y + t){z + t){y + A^) = 0. 

The birational map can be given by in appropriate affine coordinates 
{t = 1) by 

(x, 1, u), {y, z, 1, v) I — > (x, y, z, uv). 

The octic itself is defined over Q. Over Q[i//i] it splits into a sum 
of eight planes (for general fi, two of them are not defined over Q). 
Using |2j we conclude that X^,^ has a nonsingular model X^,^ which is 
a Calabi-Yau threefold. 

For general values of A and fi, the arrangement -Da,/^ is arrange- 
ment no. 52 in |l2j, so X^,^ has the invariants h^^{Xx.n) = 56 and 
h^'iXx,,) = 2. ' 

For A 7^ 0,-1, the rank of the symmetric part of the Picard group 
of the K3 surface Sx is 19; denote by H^kewi^) three-dimensional 
skew-symmetric part. Thus there is a Shioda-Inose structure on Sx, 
namely there exists an involution on Sx such that the quotient of Sx 
by that involution is a Kummer surface. 

In it is proved that the surface ^a, with A G Q \ {0, —1}, is 
modular exactly when A e {1, 8, 1/8, -4, -1/4, -64, -1/64}, and the 
modular form for Sx is computed. We have the following diagram of 
rational maps 




The rational map Fa,/^ — ^ -^A,At can be resolved by blowing up at points 
and lines so it induces a well defined map in cohomologies H^{Xx,^) — > 



MODULARITY OF NON-RIGID DOUBLE OCTIC CALABI-YAU 



13 



H^{Yx^^. The image of the map is invariant under the involution on 
Yx,f,, so in fact we obtain a map H^{Xx,^) — > H^{E^) (g) H'^kewiSx)- 
From the description of deformations of double coverings of smooth 
algebraic varieties ([S]) it follows that this map is surjective, moreover 
both vector spaces have dimension 6, so it is an isomorphism. We 
obtain 

Proposition 6.2. H^{Xx^) = H\E^) ® Hl^^^{Sx). 

Corollary 6.3. The Calahi-Yau threefold Xx.^ is modular for A G 
{1, 8, 1/8, -4, -1/4, -64, -1/64} and fi e Q\ {0, 1}. 

For the seven values of A the L-series of corresponds to a cusp 
form for ^3(ri(8)), S,{r,{lQ)), 53(ri(12)), ^3(ri(7)) (for A and 1/A 
the L-series differ only by a twist). They are the only ?7-product weight 
3 modular forms. The modular form of the surface Sx corresponds to 
the symmetric power of the modular form associated to the elliptic 
curve E_i_ (see [I]). For the seven special values of A the elliptic curve 
E 1 has complex multiplication. Denoting by Op resp. bp the Fourier 
coefficients of the level 2 (resp. level 3) modular forms we get 

iA+i)^ = 1 




-1. 



The Fourier coefficient of the L-series of Sx equals (^-^^y^^ + p). 

The third symmetric power of a weight 2 form yields also a weight 
4 modular form with Fourier coefficients 

Cp = dp 3pa,p, 

so we obtain 

Consequently we get much better modularity properties for the three- 
folds Xx:=X.^. 

^' A+l 

Proposition 6.4. The L-series of the Calahi-Yau threefold Xx has 
Fourier coefficients equal to 

Cp + 2pap. 

In the table we collect the data for the four Calabi-Yau threefolds 
the L-series of which do not only differ by a twist: 
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A = 1 


A = 8 


A = -4 


A = -64 


wt 2 form 


256k2D 


32A;2A 


144A;25 


49A;2A 


wt 3 form 


8k3A[l,l] 


16A;3A[1,0] 


12k3A[0, 1] 


7A;3A[3] 


wt 4 form 


256k4:H 


32kAA 


144A;4A 


49A;4D 


bp = 0-1- 2p 


p= 1,3(8) 


p = 3(4) 


p = m 


p = 1,2, 4(7) 


bp = 


p = 5, 7(8) 


p = m 


p = 2{3) 


P = 3,5,6(7) 


//-products 
(wt 3) 


r]'^{z)7]''{2z) 


r]^{Az) 


rj^{2z)if{Qz) 


7f{z)7f{yz) 


//-products 
(wt 2) 




//2(82)//2(4^) 


7712 (12^) 
T)^(2iz)ri^(&z) 





6.1. Singular K3. From the above considerations we excluded the 
case of A = —1. There are two reasons for this. First, in this case all di- 
visors on the K3 surface are symmetric and consequently /i^^(X_i^^) = 
1 (this is arr. no 13). Second, -^-^ makes no sense. We can however 
take in that case also the curve -Ei/g, as the modular forms appear- 
ing in S-i and 5*8 are the same. Hence for the Calabi-Yau threefold 
X _i_i/9 the modular form has coefficients Cp + pap, where Cp resp. Op 
are coefficients of a weight 4 resp. 2 level 32 newform. 

In the above considerations we can replace the elliptic curve E 1 

A+l 

by another elliptic curve with the same modular form, or replace both 
and Sx by some twist. 
Now fix A G {1, 8, |, —4, — i, —64, — ^}. Using [T] we can compute 
the characteristic polynomial of Frobenius on for the Calabi-Yau 
threefold X^.^ for any rational /i 7^ 0,-1. Denoting by ap,ap resp. 
/3p,/3p the eigenvalues of Frobenius on H^{E\^p) resp. H^{E^^p) we find 
that the characteristic polynomial of Frobenius acting on H^{Xx^n) is 
(up to sign) 

(T - pPp)iT - pBp) ■ (T - al[3p){T - alPp){T - al(3p){T - a%). 

This polynomial splits over Z into the characteristic polynomial of the 
Frobenius action on if^((P^ x E^)p) and the degree 4 polynomial (T — 
apPp){T — ap(3p){T — apPp){T — ap(3p). In the construction, this splitting 
comes from the cartesian product of E^ and a transcendental cycle on 
the K3 surface S^; it should have a better geometric interpretation via 
the Shioda-Inose structure. 

If the elliptic curves Ex and E"^ are non-isogenous, the degree 4 
polynomial does not divide by the characteristic polynomial ofF^ x E, 
for any elliptic curve E. To see this, denote the eigenvalues of Frobenius 
on H^{E) by 7p,7p and assume that p'jp = PpUp. Multiplying by Pp 
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and dividing by p = |/3pp we get Pp'jp = a^. Since E\ has complex 
multiplication, looking at the sets of primes p for which the coefficients 
ctp, I3p and 7p equal ±ip^/^ we easily see that the other two elliptic 
curves have complex multiplication by the same quadratic field and so 
up to a twist the three weight two forms coincide. In particular Ex and 
are isogenous. 

7. Involutions 

In this section we will use an involution on a Calabi-Yau threefold to 
split the CO ho mo logy group H^. Note that van Geemen and Nygaard 
(|H]) were the first to use an automorphism of a Calabi-Yau manifold 
to split the Galois representation and prove modularity. 

Proposition 7.1. Calabi-Yau threefolda X53, X244, X2G7, X274 and 
X275 are modular, with modular forms as listed in tableUi 

On some of the Calabi-Yau threefolds considered in this paper we 
can find an involution. On the middle cohomology the involution may 
have only eigenvalues ±1. If both 1 and —1 are eigenvalues then the 
map gives us a splitting of H^. Since the spliting is compatible with the 
Frobenius morphism it is in fact a splitting of the Galois representation 
into two-dimensional subrepresentations. 

We can use the Lefschetz formula to compute the trace of Frobe- 
nius composed with the involution. This trace is equal to the trace of 
Frobenius on the +l-eigenspace minus the trace of Frobenius on the 
— 1-eigenspace. Together with the trace of Frobenius on this gives 
the traces on the two subspaces. 

Assume that we have a Q-linear involution on which preserves 
the arrangement of eight planes. This map induces an involution $ : 
X — y X on the Calabi-Yau threefold X defined by this arrangement. 
We will compute the trace 

dp = tT{{FTohpO<!>y\H^{Xp,Qi)) 

of Frobenius composed with $. Since this map acts by multiplication 
with ±p on and with on the Lefschetz fixed-point formula 
relates dp to the number Np of fixed points of Frobp 0$. 

Lemma 7.2. // $ is a linear involution on P^(Fp) defined over Fp 
then the fixed points o/FrobpO$ are ¥p2-rational. 

Proof. The Frobenius morphism Frobp commutes with any linear in- 
volution defined over Fp, so any fixed point of Frobp 0$ is also a fixed 
point of Frobp2 . □ 
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Arr. no. 244 
Arr. no. 267 
Arr. no. 274 



Using the Lemma we reduce the counting of fixed points over the 
infinite field Fp to counting of points over the finite field Fp2 , which can 
easily be done using a computer. 

From the representation as a Kummer fibration we can easily recog- 
nize some linear involutions preserving the arrangement: 
Arr. no. 53: {x,y, z,t) ^ {y,x, —t, —z) 
{x,y,z,t) h-> {y,x, -t, -z) 
{x,y,z,t) ^ (t, -z, -y,x) 
{x,y,z,t) ^ {z,-t,x,-y) 
Simple computations show that the above involutions are not equal 
to identity on the deformation space H^{Tx) = hence they 

split the Galois representations. In fact it is easy to observe that 
iJ^^(X) © H^^{X) must be (— l)-eigenspaces. Counting fixed points 
on the singular double octic yields for all primes 5 < p < 97: 



-^^267 

-^274 



Analyzing the action of Probenius on the generators of the Picard group 
and the space of curves gives the traces of Frobenius of the two- 
dimensional Galois subrepresentations. Applying the Faltings-Serre- 
Livne method finishes the proof. 

M. Schiitt suggested to us that counting points in ¥p and ¥p2 we can 
compute the characteristic polynomial, which factors into two degree 
two polynomials. Since we know that the representation splits we get 
the traces of both actions. It is however not straightforward that the 
numbers ttp resp. pbp will correspond to the -|-l-eigenspace resp. the 
— 1-eigenspace. 

Remark 7.3. The described involutions act on singular double octics. 
Since the resolution of singularities of a double octic is not unique (it 
depends on the order in which we blow up lines in a triple point) it may 
happen that an involution maps to a birational Calabi-Yau threefold. 
Since two smooth models differ by a sequence of fiops, we can compose 
the involution with these fiops or we can consider a threefold that 
dominates both smooth models. The action on is well defined. 





- a.p 


+ pbp +p'^ +p 










- ttp 


+ pbp + - p, 


p = 


1 


mod 4 




dp 


+ pbp + 3p, 


P 


3 


mod 4 




- Op 


+ pbp + p'^ —p 








1 + p^ 


- ttp 


+ pbp +p^ -p, 


P 


1 


mod 4 


1+p^ 


- dp 


+ pbp + + 3p, 


P = 


3 


mod 4 
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If we know that we can chose such a resolution of singularities of the 
double covering to which the involution lifts, then the quotient will be 
(after resolution) a rigid Calabi-Yau threefold. 

Example 2. Consider the arrangement of planes (arr. no. 287 in |12] ) 
given by 

xyzt{x + y + z — 3t){x + y — 3z + t){x — 3y + z + 1) (— 3x + y + z + t) = 0. 

The corresponding Calabi-Yau threefold X2S7 has Hodge numbers 
h^^{X2S7) = 37, h^'^{X287) = 3. Counting points in Fp shows that, for 
5 < p < 97, the trace of Frobenius on the middle co homology equals 
Op + 3bp, where ap resp. bp are the coefficients of the weight 4 level 6 
resp. weight 2 level 24 cusp form. The arrangement has many linear 
symmetries. We can use the induced involutions on X to decompose 
the Galois representation. 

We can also use the elliptic fibrations on X described in |12| and 
apply the deformation argument from example ^ to prove modularity 

of X2S7- 

In fact the full permutation group 5*4 acts on this Calabi-Yau three- 
fold. If we consider the action of permutations of order 3, then the 
eigenvalues will be defined in Fp only for some p, so the decomposition 
of Frobenius action will depend on p. 
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